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Abstract
We study the glueballs in a four-dimensional N = 2 super Yang-
Mills theory with fundamental matters in terms of the supergravity
dual. The supergravity background is constructed by N D3 brane
with a probe D7 brane. We numerically compute the glueball masses
for 0++ and 1−− in the background. We find that the mass ratio
of 0++ glueballs is mostly in agreement with the lattice calculations.
We compare the glueball masses with the meson masses. The mass
ratio MGB/Mmeson is calculated with 1.4. If the mass MGB is set to
1.6GeV , the meson mass Mmeson is given with 1.1GeV
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1 Introduction
The AdS/CFT correspondence [1, 2, 3, 4] is a duality between the super-
symmetric gauge theories in the large N strong-coupling limit and the string
theories on the AdS backgrounds. As the generalization of the duality, the
supergravity duals to the gauge theories with less supersymmetries have been
investigated [5, 6, 7, 8, 9, 10]. According to the method [11], the behaviours
of Wilson loops for the gauge theories with less supersymmetries have been
calculated in the dual gravity backgrounds [12, 13, 14, 15], which indicate
that the gauge theories are in confinement phase. The mass spectra for the
0++ glueball in the dual background can be obtained by solving the wave
equations of motion for the dilaton [6, 16, 17, 18, 19, 20, 21, 22], which are
in agreement with the lattice calculations [23, 24].
In order to obtain the supergravity dual of a four-dimensional N = 2
SU(N) super Yang-Mills theory with Nf hypermultiplets Karch and Katz
consider the background embedded Nf D7-branes into N D3-branes [25, 26].
The masses of the hypermultipletes (quarks) is given with the distance be-
tween the D3-branes and the D7-brane. The mesons, which correspond
to open string excitations of the D7-brane, can be calculated in the back-
ground [27]. The N = 1 cases are also studied [28, 29]. In the non-
supersymmetric cases, the chiral symmetry breaking by the quark condensate
in terms of the gravity dual is studied in the three-dimensional QCD [30] and
in the four-dimensional QCD [31]. However, the glueballs in the dual back-
ground with hypermultiplets is not investigated .
The purpose of this paper is to study the glueballs in a four-dimensional
N = 2 super Yang-Mills theory with fundamental matters in terms of the
supergravity dual. We calculate the glueball masses and compare them with
the meson masses. We show that the glueball masses is proportional to the
mass of the fundamental matter. The mass spectrum in the background are
in agreement with the lattice calculations.
The organization of the paper is as follows. In section 2, we will review
the calculations of the meson spectrum in the supergravity background con-
structed by N D3 brane with a probe D7 brane discussed in [27]. In section
3, we will solve the wave equation of the scalar fields in the background nu-
merically to obtain the 0++ glueball mass spectrum. We compare the results
with the lattice computations and evaluate the mass ratio of the glueball and
the meson. In section 4, we will solve the equation of the RR 2-form numer-
ically to obtain the 1−− glueball mass spectrum. We compare the spectrum
with the calculation [21].
2
2 Mass spectrum for meson
In this section, we review the derivation of the mass spectrum for meson
using the supergravity dual of a four dimensional supersymmetric Yang Mills
theory with fundamental matter.
We first consider a D7-brane probe in the supergravity background dual
to N D3-branes represented by the array
D3: t 1 2 3 - - - - - -
D7: t 1 2 3 4 5 6 7 - - .
The metric is given by
ds2 = f−1/2(−dt2 + d~x2) + f 1/2(dλ2 + λ2dΩ23 + dx28 + dx29), (1)
where ~x = (x1, x2, x3), and
f = 1 +
α′2R4
r4
, (2)
R4 = 4πgN, (3)
eφ = g, (4)
r2 = λ2 + x28 + x
2
9. (5)
In the decoupling limit α′ → 0, the metric becomes
ds2/α′ =
(
u
R
)2
(−dt2 + d~x2) +
(
R
u
)2
(dρ2 + ρ2dΩ23 + dX
2
8 + dX
2
9 ), (6)
where
u =
r
α′
, ρ =
λ
α′
, X8 =
x8
α′
, X9 =
x9
α′
: fixed (7)
u2 = ρ2 +X28 +X
2
9 . (8)
We next consider the meson spectrum in the background. The meson
correspond to open string excitations of the D7-brane. The DBI action for
the D7 brane in this background,
SD7 = −T7
∫
dσ8e−φ
√
−detg
∼ −T7
∫
dσ8ǫ3ρ
3e−φ
{
1 +
gabR2
2u2
(∂aX8∂bX8 + ∂aX9∂bX9)
}
, (9)
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where gab is the induced metric on the D7 brane, ǫ3 is the volume of the
three sphere, and T7 = 1/(2π)
7gα′4 is the D7 tension. To obtain the mass
spectrum of the meson, we take the form as
X9 + iX8 = m+ δ(ρ)e
ikixi, (10)
mq = m/2π, M
2 = −k2, (i = 0, 1, 2, 3), (11)
where δ(ρ) is a small fluctuation. The mass of the quark mq is proportional
to the distance m between the D3-branes and the D7-brane. M is the meson
mass. The equation of motion becomes
∂2ρδ(ρ) +
3
ρ
∂ρδ(ρ) +
M2R4
(ρ2 +m2)2
δ(ρ) = 0. (12)
The solution can be written as
δ(ρ) =
A
ρ2 +m2
F (−n− 1, −n, 2; −ρ2/m2) (13)
where F is the hypergeometric function. We finally obtain the mass spectrum
for meson to be
M =
2m
R2
√
(n+ 1)(n+ 2), (n = 0, 1, 2, · · ·). (14)
Therefore the mass of meson in the N = 2 cases is proportional to the quark
mass in the UV region. It is known that in the non-supersymmetric cases
the mass of meson is proportional to the square root of the quark mass,
which relation is in agreement with the Gell-Mass-Oakes-Renner (GMOR)
relation [31]
3 Mass spectrum for 0++ glueballs
In this section, we consider the mass spectrum for 0++ glueball using the
supergravity dual description.
We take the location of the D7-brane at X28 + X
2
9 = m
2. The induced
metric is
ds2/α′ =
ρ2 +m2
R2
(−dt2 + d~x2) + R
2
ρ2 +m2
(dρ2 + ρ2dΩ23), (15)
discussed in the previous section. In order to compare the glueball masses
with the meson masses at the same time, it is necessary to consider the
duals of glueballs (closed strings) in the same background as in the case of
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MR2/m D3/D7
0++ 4.1
0++∗ 6.2
0++∗∗ 8.3
0++∗∗∗ 10.4
0++∗∗∗∗ 12.6
Table 1: 0++ glueball masses
the mesons. We suggest that the mass spectrum for 0++ glueball can be
obtained by solving the wave equation of the scalar fields in the supergravity
dual background. The wave equation is
∂µe
−2φ√−ggµν∂νΦ = 0. (16)
We take the form Φ = φ(ρ)eikix
i
(i = 0, 1, 2, 3). The equation becomes
∂ρ{ρ3(ρ2 +m2)∂ρφ}+ ρ
3
ρ2 +m2
M2R4φ = 0 (17)
M2 = −k2, (18)
where M is the glueball mass. Using the dimensionless variable ρ′ ≡ ρ/m
with non-zero m, the equation becomes
∂ρ′{ρ′3(ρ′2 + 1)∂ρ′φ}+ ρ
′3
ρ′2 + 1
M2R4
m2
φ = 0. (19)
The equation has asymptotic solution of the form φ ∼ c/ρ′4, where c is arbi-
trary constants. We solve the equation by shooting method [16], integrating
from large ρ′ >> 1 (i.e. ρ >> m) to ρ′ = 0. We show the results in table 1.
We note that the masses are proportional to the quark mass. The lightest
mass is
M ∼ 4.1m
R2
. (20)
In table 2, we compare our results with lattice calculations and with the re-
sults in the other backgrounds. We find that our results are mostly agreement
with the results of lattice calculations and others.
We next consider to compare the glueball masses with the meson masses.
The mass ratio of the lowest 0++ glueball state (20) and the lowest meson
state (14) is written as
M0++
Mmeson
∼ 4.1
2
√
2
∼ 1.4, (21)
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M D3/D7 YM∗ [15] KS [21] N = 0 [16] Lattice [23, 24]
0++ 1.6(input) 1.6(input) 1.6(input) 1.6(input) 1.6±0.15
0++∗ 2.4 2.4 2.9 2.6 2.48±0.23
0++∗∗ 3.2 3.1 ? 3.5 ?
Table 2: The comparison of 0++ glueball masses in GeV
which is independent to the quark mass mq =
m
2pi
. We note that the mass
ratio of the glueballs and of the mesons are given by the the square root of
ratio of the tension Tadj and the tension TQCD [32], namely
M0++
Mmeson
=
√
Tadj
TQCD
=
√
2N2
N2 − 1 ∼ 1.4 (22)
in large N limit, which is consistent with our results. If the mass MGB is set
to 1.6GeV , the meson mass Mmeson is given with 1.1GeV .
4 Mass spectrum for 1−− glueballs
In this section, we consider the 1−− glueballs in the supergravity description.
The operators of 1−− glueball are dual to the antisymmetric tensor fields.
The equation for the anti-symmetric tensor field Aµν is given by
∂µ(
√−ggµ′µgµ′1µ1gµ′2µ2∂[µ′Aµ′
1
µ′
2
]) = 0. (23)
We take the form Aµν = h(ρ)e
ikix
i
(i = 0, 1, 2, 3). The equation becomes
∂ρ(
ρ3
ρ2 +m2
∂ρh) +
1
3
ρ3
(ρ2 +m2)3
M2R4h = 0, (24)
where M2 = −k2. The equation has asymptotic solutions of the form h ∼
c ln ρ, where c is arbitrary constant. We solve the equation by shooting
method, integrating from large ρ′ = ρ/m >> 1 to ρ′ = 0. We show the
results in table 3 and table 4. We note that the masses are proportional to
the quark mass. The lowest mass is written as
M ∼ 4.7m
R2
.
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MR2/m D3/D7
1−− 4.7
1−−∗ 8.9
1−−∗∗ 12.6
1−−∗∗∗ 16.3
1−−∗∗∗∗ 19.8
Table 3: 1−− glueball masses
M D3/D7 KS [21]
1−− 1.8 1.9
1−−∗ 3.4 3.3
1−−∗∗ 5.2 ?
Table 4: The comparison of 1−− glueball masses in GeV (input 0++ =
1.6GeV ).
We consider the mass ratio of the lowest 0++ glueball and the lowest 1−−
glueball. We compare it in our results with in the results in the N = 1
Klebanov-Strassler background [21].
(
M1−−
M0++
)
D3/D7
= 1.15
(
M1−−
M0++
)
KS
= 1.20
We find that our results are mostly in agreement with the results in the
Klebanov-Strassler background.
5 Conclusions
We study the glueball in the four-dimensional N = 2 super Yang-Mills with
fundamental matters. We numerically compute the glueball masses for 0++
and 1−−. We find that the masses are proportional to the quark mass. The
mass ratio of 0++ glueballs is mostly in agreement with the results of lattice
calculations. The mass ratio of 1−− glueballs is mostly in agreement with
the results in the N = 1 Klebanov-Strassler background.
We evaluate the mass ratio of the glueball and the meson, which is written
as MGB/Mmeson ∼ 1.4. The mass ratio of the glueballs and of the mesons
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are given by the the square root of ratio of the tension Tadj and the tension
TQCD, namely ,
M0++
Mmeson
=
√
Tadj
TQCD
=
√
2N2
N2 − 1 ∼ 1.4 (25)
in large N limit, which is consistent with our results.
It would be interesting in calculating the 2++ glueball masses in the dual
background in order to study the Regge trajectory of the glueball masses.
It was already shown that the Regge trajectory is linear in the Klebanov-
Strassler background [33].
We are also interested in studying the glueballs, especially, in the non-
supersymmetric cases with massless quarks, which indicate that the chiral
symmetry is broken by the quark condensate.
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